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Abstract
Let G be a group and N be a normal subgroup of G. There exists
the group extension G of G/N by N . For a G-module A which N acts
on trivially and a G-invariant homomorphism on N to A, we obtain a
central extension of G/N by A. By using connection cochains, we exhibit
the formula of its extension class such that clarify the relation among
connection cochains, extension classes and the LHS spectral sequence.
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1 Introduction
Let D be a closed unit disk in R2 with a standard symplectic form ω, and
G = Symp(D,ω) denote the group of symplectomorphisms on D. There exists
a group extension
1→ Grel → G→ G∂ → 1,
where we set Grel = {g ∈ Symp(D,ω) | g|∂D = id} and G∂ = Diff+(∂D) the
group of diffeomorphisms on the circle ∂D. On such the group Grel, we have a
homomorphism Cal : Grel → R which is called the Calabi invariant. Moriyoshi
[4] defined a group cochain τ : G → R such that, for g ∈ G and h ∈ Grel,
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τ(hg) = Cal(h) + τ(g), and proved that the negative coboundary −δτ induces
the extension class e(G/K) ∈ H2(G∂ ;R) of the Calabi extension
0→ Grel → G/K → G∂ → 1.
Here we set K = KerCal. Moriyoshi called this cochain τ the connection cochain
over Cal.
In the general case, let G be a group, N be a normal subgroup of G and A
be a G-module which N acts on trivially. Let f : N → A be a homomorphism
such that f(gng−1) = f(n) for g ∈ G and n ∈ N . There are a group extension
1→ N → G→ G/N → 1
and the induced central extension
0→ A→ GA → G/N → 1,
where GA is the quotient of G×A by the equivalence relation (ng, a) ∼ (g, f(n)+
a) for (g, a) ∈ G × A and n ∈ N . If we have a connection cochain τ : G → A
over f : N → A, that is, τ(ng) = f(n) + τ(g) for g ∈ G and n ∈ N , then the
negative coboundary −δτ induces the extension class e(GA) ∈ H2(G/N ;A) of
the above central extension. To be more precise, it is stated as follows.
Theorem 1.1 (see Theorem 4.2). Let e(GA) denote the extension class of G
with coefficients in A. Then there exists a connection cochain τ : G → A
over f and we can regard a 2-cochain −δτ on G as a 2-cocycle on G/N whose
cohomology class coincides e(GA).
In the term of the spectral sequence, we can regard this theorem as follow:
For the group extension 1 → N → G → G/N → 1, there is the Lyndon-
Hochschild-Serre (LHS) spectral sequence Ep,q2 ⇒ Hp+q(G). Then E1,02 is iso-
morphic to Hom(N,A)G that is the group of homomorphisms on N to A such
that f(gng−1) = f(n) for g ∈ G and n ∈ N . For f ∈ Hom(N,A)N , a con-
nection cochain τ over f is a representation cocycle of an element in E1,02 cor-
responding to f ∈ Hom(N,A)G. The transgression image d2f ∈ H2(G/N ;A)
of f ∈ Hom(N,A)G represents δτ . On the other hand, the transgression im-
age d2f coincides the coupling of the extension class e(G/N
′) of 0 → N/N ′ →
G/N ′ → G/N → 1 that is the Abelization of 1→ N → G→ G/N → 1 and the
negative f . This coupling is just the extension class e(GA) ∈ H2(G/N ;A), that
is, d2f = −e(GA). It follows that e(GA) = −d2f = [−δτ ].
This paper is organized as follows. In section 2, we recall the theory of the
cohomology for groups. It is known that the low-dimensional cohomology group
for groups has the another definition. There is a bijection between the second
cohomology group for groups and group extensions, in particularly, central ex-
tensions. In section 3, we briefly review a relation between the Calabi extension
and the universal Euler class of the group of orientation-preserving diffeomor-
phisms on the circle due to Moriyoshi. In section 4, we introduce connection
cochains over some homomorphisms and prove that its negative coboundary
2
represents the extension class for central extensions. In the final section, we
recall the LHS spectral sequence. We understand our theorem in the terms of
the spectral sequence and the five-term exact sequence.
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2 The group cohomology and the group exten-
sions
Let G be a group and A be an Abelian group. Assume that A has a left and
G-action that is written by g.a ∈ A for a ∈ A and g ∈ G.
Definition 2.1. The group cochain complex (C∗(G;A), δ) with coefficients in
A is given by the pair
Cp(G;A) = {c : Gp → A}, δ : Cp(G;A)→ Cp+1(G;A),
where a group p-cochain c : Gp → A is an arbitrary function on the p-tuple
product of G and where the coboundary δ is defined to be
δc(g1, . . . , gp+1) = g1.c(g2, . . . , gp+1) +
p∑
i=1
(−1)ic(g1, . . . , gigi+1, . . . , gp+1)
+ (−1)p+1c(g1, . . . , gp).
Denote by H∗(G;A) the cohomology group of C∗(G;A), called the group coho-
mology of G with coefficients in A. .
Denote by Cp(G;A)N the group of the normalized group p-cochains c : G
p →
A which are group p-cochains such that c(g1, . . . , gp) = 0 whenever one of the
gi is equal to 1. As can be seen easily, if c is a normalized cochain then δc is
so. Then (Cp(G;A)N , δ) is a subcomplex of C
∗(G;A). As is well known, the
cohomology of the normalized group cochain complex C∗(G;A)N coincides the
one of the ordinary group cochain complex C∗(G;A).
Example 2.2. Let G act on A trivially. Then every group 1-cocyle f ∈ C1(G;A)
satisfies that
δf(g, h) = f(h)− f(gh) + f(g) = 0
for g, h ∈ G, so that, f is a homomorphism. On the other hand, for any 0-
cochain c ∈ C0(G;A), the coboundary is δc(g) = g · c − c = 0 for g ∈ G.
This implies that all of the group 1-coboundaries are trivial. Then the first
cohomology group H1(G;A) is just the group of homomorphisms Hom(G,A).
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As with the first cohomology, there is an alternative definition for the second
cohomology groups. We recall group extensions and central extensions.
Definition 2.3. Let A, Γ and G be arbitrary groups. A group extension Γ of
G by A is a short exact sequence of groups:
1→ A→ Γ→ G→ 1.
Furthermore, Γ is a central extension if A→ Γ factors through the center of Γ.
Consider the group extension Γ of G by an Abelian group A:
0→ A ↪→ Γ→ G→ 1
Set s : G → Γ an arbitrary set-theorical section. There is a group action of G
on A defined by
g · a = s(g)as(g)−1
for g ∈ G and a ∈ A since p(g · a) = gp(a)g−1 = 1, that is, g · a ∈ A. In fact,
this group action is independent of the choice of section s.
For g, h ∈ G, we have s(g)s(h)s(gh)−1 ∈ A because of p(s(g)s(h)s(gh)−1) =
1. Then we can define a group 2-cochain χ ∈ C2(G;A) as the following:
χ(g, h) = s(g)s(h)s(gh)−1 ∈ A.
It is easy to check that χ ∈ C2(G;A) is a group 2-cocycle and the cohomology
class [χ] ∈ H2(G;A) is independent on the choice of section s : G→ Γ, so that,
the class depends only on the group extension.
Definition 2.4. The extension class of the group extension Γ, denote by e(Γ),
is the cohomology class [χ] ∈ H2(G;A).
If a section s : G→ Γ is a homomorphism then the corresponding 2-cocycle
χ ∈ C2(G;A) is obviously trivial. This implies that the splitting extension has
the trivial extension class. The following is well known.
Proposition 2.5 (see Brown [1]). Let G be a group and A be a G-module.
The second cohomology group H2(G;A) is to the equivalence classes of central
extensions of G by A;
H2(G;A) ∼= {central extensions of G by A}/{splitting extensions}.
Remark 2.6. Let G be a group and N be a non-Abelian normal subgroup of G.
Then we have a group extension 1 → N → G p−→ G/N → 1. Since N is not
Abelian, we cannot define the extension class of such an extension. Set N ′ the
commutator subgroup of N . For n,m ∈ N and g ∈ G, we have g[n,m]g−1 =
[gng−1, gmg−1], where [ , ] is the commutator on N . This implies that N ′ is
normal in G and we can define a new group extension:
0→ N/N ′ → G/N ′ → G/N → 1.
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SinceN/N ′ is Abelian, we obtain the extension class e(G/N ′) ∈ H2(G/N ;N/N ′).
Moreover, let s : G/N → G be a set-theorical section of the projection p.
We have a map χ : G/N×G/N → N defined by χ(g, h) = s(x)s(y)s(xy)−1 ∈ N
for x, y ∈ G/N and we can regard χ as a representation cocycle of the extension
class of e(G/N ′) by composing the natural projection N → N/N ′.
Remark 2.7. Let 1 → N i−→ Γ → G → 1 be a group extension of G by N and
f : N → A be a Γ-homomorphism, that is, f(γ · n) = γ · f(n) for γ ∈ Γ and
n ∈ N , where A is an Abelian group. We can extend the group extension by N
to the central extension by A:
0→ A→ ΓA → G→ 1,
where ΓA = Γ × A/ ∼ with the equivalence relation (i(n)γ, a) ∼ (γ, f(n) + a)
for (γ, a) ∈ Γ×A and n ∈ N . It is easy to check that the extension class e(ΓA)
is the push-forward of the extension class of e(Γ/[N,N ]) by f , and the class is
called the extension class with coefficients in A along f .
Example 2.8 (the universal covering of the circle diffeomorphisms.). Set Diff+(S1)
the group of orientation-preserving diffeomorphisms on the circle S1. Let H be
the universal covering group of Diff+(S1). Then we obtain a central extension
0→ Z→ H pi−→ Diff+(S1)→ 1. By the inclusion Z ↪→ R, we extend this central
extension to the central extension by R:
0→ R→ HR → G∂ → 1.
As is well known, the extension class e(HR) is given by the formula
χ(g1, g2) =
1
4pi2
∫ 2pi
0
(h1 ◦ h2(x)− h1(x)− h2(x)) dx
with h1, h2 ∈ H and g1 = pi(h1), g2 = pi(g2).
3 The Calabi invariants and the Euler class
In this section, we review the work on the relation between the Calabi invariant
and extension classes of group extensions due to Moriyoshi [4]. LetD = {(x, y) ∈
R2 | x2 + y2 ≤ 1} be a closed unit disk in R2 with a standard symplectic form
ω = dx ∧ dy, and let G = Symp(D) denote the group of symplectomorphisms
on D. There exists the following short exact sequence of groups:
1→ Grel → G→ G∂ → 1.
Here we set Grel = {g ∈ G | g|∂D = id} and G∂ = Diff+(∂D).
Definition 3.1 (Tsuboi [5]). The Calabi invariant Cal : Grel → R is defined
Cal(h) = −
∫
D
η ∧ h∗η
for h ∈ Grel, where η is a 1-form on D such that dη = ω.
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The Calabi invariant Cal is independent on the choice of η such as ω = dη;
see McDuff-Salamon [3].
Proposition 3.2. The Calabi invariant yeilds a G-invariant homomophism on
Grel.
Proof. Note that d(η−g∗η) = ω−g∗ω = 0 for g ∈ G, thus there exists a smooth
function fg ∈ C∞(D) such that η − g∗η = dfg since the first cohomology group
H1(D) vanishes. We have (η−h∗η)|∂D = 0 because h|∂D = id for h ∈ Grel ⊂ G
by definition. Then we obtain∫
D
h∗(η − g∗η) ∧ (η − h∗η) =
∫
D
{h∗η ∧ η − (gh)∗η ∧ η + h∗(g∗η ∧ η)}
=
∫
D
h∗η ∧ η −
∫
D
(gh)∗η ∧ η +
∫
D
g∗η ∧ η
=− Cal(h) + Cal(gh)− Cal(h)
for g, h ∈ Grel.
On the other hand, we obtain∫
D
h∗(η − g∗η) ∧ (η − h∗η) =
∫
D
h∗dfg ∧ (η − g∗η)
=
∫
D
d(h∗fg(η − g∗η))
=
∫
∂D
h∗fg(η − g∗η) = 0
for g, h ∈ Grel. These imply that the Calabi invariant Cal : Grel → R is a
homomorphism.
Furthermore, let g ∈ G and h ∈ Grel. Then we have
g∗η ∧ (gh)∗η =(η − dfg) ∧ h∗(η − dfg)
=η ∧ h∗η − dfg ∧ h∗η − η ∧ h∗dfg + dfg ∧ h∗dfg
=η ∧ h∗η − d(fg ∧ h∗η) + fgω + d(η ∧ h∗fg)− h∗fgω + d(fg ∧ h∗dfg).
Note that h|∂D = id, thus we obtain
Cal(ghg−1) =−
∫
D
η ∧ (ghg−1)∗η
=−
∫
D
g∗η ∧ (gh)∗η
=−
∫
D
η ∧ h∗η − d(fg ∧ h∗η) + d(η ∧ h∗fg) + d(fg ∧ h∗dfg)
=−
∫
D
η ∧ h∗η −
∫
∂D
fg η +
∫
∂D
η fg +
∫
∂D
fg ∧ dfg
=Cal(h).
This implies that Cal is G-invariant.
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It is possible to extend the Calabi invariant from Grel to G by the same
formula. Namely, there is a cochain τ : G→ R defined by
τ(g) = −
∫
D
η ∧ g∗η
for g ∈ G. However, this cochain τ depends on the choice of 1-form η such that
ω = dη.
Proposition 3.3. For g ∈ G and h ∈ Grel, we have
τ(hg) = Cal(h) + τ(g).
Proof. See Moriyoshi [4].
We call this cochain τ : G→ R as a connection cochain over Cal.
Proposition 3.4. There is a group 2-cocycle σ : G∂ ×G∂ → R such that
σ(g|∂D, g|∂D) = −δτ(g, h)
for g, h ∈ G. Furthermore, the cohomology class of σ is the extension class of
the central extension:
0→ R→ G/K → G∂ → 1,
where K = KerCal and we identify R as Grel/K.
Proof. See Moriyoshi [4].
This central extension 0 → R → G/K → G∂ → 1 is called the Calabi
extension.
Recall that the universal covering group H of G∂ and central extensions
described in the last section, example 2.8.
Theorem 3.5 (Moriyoshi [4]). In the above terms, the extension class e(G/K)
coincides with e(HR) ∈ H2(G∂).
4 The connection cochains and the extension
classes
Let G be a discrete group and N be a normal subgroup of G. There exists a
group extension:
1→ N → G p−→ G/N → 1.
Set N ′ the commutator subgroup of N . We have a new group extension by the
Abelian group:
0→ N/N ′ → G/N ′ → G/N → 1.
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Let A be a G-module which N acts on trivially, and let f : N → A be a
G-invariant homomorphism. Then we extend the group extension by N to the
central extension
0→ A→ GA → G/N → 1,
where GA is the quotient of G × A with the equivalence relation (ng, a) ∼
(g, f(n) + a).
Definition 4.1. A cochain τ : G→ A that satisfies the condition
τ(ng) = f(n) + τ(g)
for n ∈ N and g ∈ G is called a connection cochain over f .
Theorem 4.2. In the context of the above, there exists a connection cochain
τ : G→ A over f .
Furthermore, there exists a 2-cocycle σ on G/N in A which holds the follow-
ing:
1. We have σ(p(g), p(h)) = −δτ(g, h) for g, h ∈ G.
2. The cohomology class [σ] ∈ H2(G/N ;A) is independent of the choice of
connection cochain τ over f .
3. The extension class e(GA) of the central extension 0 → A → GA →
G/N → 1 coincides with [σ] ∈ H2(G/N ;A).
4. Moreover, e(GA) equals to the push-forward of e(G/N
′) ∈ H2(G/N ;N/N ′)
by f : N → A. Here, e(G/N ′) is the extension class of the group extension
0→ N/N ′ → G/N ′ → G/N → 1.
Proof. Let s : G/N → G be a set-theorical section of the natural projection
p : G → G/N . Since p(g(s ◦ p(g))−1) = p(g)p(g)−1 = 1 for g ∈ G, there is a
cochain τs : G→ A defined by
τs(g) = f(gι(g)
−1), ι(g) = s ◦ p(g).
Then we obtain
τs(ng) = f(ngι(ng)
−1) = f(n) + f(gι(g)−1) = f(n) + τs(g)
for g ∈ G and n ∈ N . Therefore the cochain τs is a connection cochain over f .
We have g · f(n) = f(ι(g)nι(g)−1) for g ∈ G and n ∈ N since N acts on A
trivially. Thus we obtain
δτs(g, h) =g · τs(h)− τs(gh) + τs(g)
=g · f(hι(h)−1)− f(ghι(gh)−1) + f(gι(g)−1)
=− (−f(ι(g)hι(h)−1ι(g)−1)− f(gι(g)−1) + f(ghι(gh)−1))
=− f(ι(g)ι(h)h−1ι(g)−1ι(g)g−1ghι(gh)−1)
=− f(ι(g)ι(h)ι(gh)−1)
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for g, h ∈ G. Then ι(g)ι(h)ι(gh)−1 = s(p(g))s(p(h))s(p(g)p(h))−1 induces the
extension class of 0 → N/N ′ → G/N ′ → G/N → 1. This implies [−δτs] =
f∗e(G/N ′).
Here, we have a natural commutative diagram:
1 // N 
 //
f

G
pi

p // G/N
=
// 1
0 // A 
 // GA = G×A/ ∼ p
′
// G/N // 1,
where pi : G → GA is the inclusion. Then s′ = pi ◦ s is a set-theorical section
of p′. Therefore we can write that δτs(g, h) = −s′(p(g))s′(p(h))s′(p(g)p(h))−1
and this implies that δτs induces the extension class of the central extension
0→ A→ GA → G/N → 1.
Finally, we prove that the cohomology class [σ] ∈ H2(G/N ;A) is indepen-
dent on the choice of connection cochain over f .
Let τ be an arbitrary connection cochain over f . We have
δτ(g, h) = g · τ(h)− τ(gh) + τ(g)
for g, h ∈ G. Note that N acts on A trivially, thus we obtain
δτ(ng, h) =ng · τ(h)− τ(ngh) + τ(ng)
=g · τ(h)− f(n)− τ(gh) + f(n) + τ(g) = δτ(g, h)
and
δτ(g, nh) =g · τ(nh)− τ(gnh) + τ(g)
=g · f(n) + g · τ(h)− f(gng−1)− τ(gh) + τ(g) = δτ(g, h)
for g, h ∈ G and n ∈ N . These imply that δτ depends only on G/N . Therefore
there exists a 2-cocycle σ on G/N such that σ(p(g), p(h)) = δτ(g, h).
Let τ and τ ′ be connection cochains over f , and let σ and σ′ be the 2-cocycles
on G/N corresponding to τ and τ ′, respectively. Since we have
(τ − τ ′)(ng) = f(n) + τ(g)− f(n)− τ ′(g) = (τ − τ ′)(g)
for g ∈ G and n ∈ N , there exists a group 1-cochain T on G/N such that
T (p(g)) = −(τ − τ ′)(g). This implies σ − σ′ = δT , so that, σ and σ′ define the
same cohomology class [σ] = [σ′] ∈ H2(G/N ;A).
5 The Lyndon-Hochschild-Serre spectral sequence
and the five-term exact sequence
Hereinafter, we consider group cochain complexes as normalized ones.
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Let G be a group, N be a normal subgroup of G and A be a G-module.
Then there is the group extension:
1→ N → G→ G/N → 1.
We define a filtration (C∗p )p∈Z of C
∗(G;A) as follows:{
Cqp = C
q(G;A), if p ≤ 0,
Cqp = 0, if q < p
and for 0 < p ≤ q, we set Cqp the group of q-cochains c ∈ Cq(G;A) such that
f(g1, . . . , gp) = 0 whenever (n − j + 1) of the arguments belong to N . We can
check δ(C∗p ) ⊂ C∗p easily.
This filtration defines a spectral sequence Ep,qr , called the Lyndon-Hochschild-
Serre spectral sequence for the group extension:
1→ N → G→ G/N → 1.
Definition 5.1 (Hochschild-Serre [2]). Let G be a group, N be a normal sub-
group of G and A be a G-module. We set Zp,qr = {c ∈ Cp+qp | δc ∈ Cp+q+1p+r }.
The Lyndon-Hochschild-Serre (LHS) spectral sequence is a spectral sequence
defined as
Ep,qr = Z
p,q
r /(Z
p−1,q+1
r−1 + δZ
p+1−r,q+r−2
r−1 )
and differential operators dr : E
p,q
r → Ep+r,q−r+1r are induced by δ.
Proposition 5.2 (Hochschild-Serre [2]). The LHS spectral sequence Ep,qr sat-
isfies the follows.
1. There exists an isomorphism
Ep,q1
∼= Cp(G/N ;Hq(N ;A)).
and the differential d1 corresponds to the group coboundary map δG/N :
Cp(G/N ;Hq(N ;A))→ Cp+1(G/N ;Hq(N ;A)).
2. There exists an isomorphism
Ep,q2
∼= Hp(G/N ;Hq(N ;A)).
3. This spectral sequence Ep,qr converges to H
p+q(G;A), that is, there is an
isomorphism
Ep,q∞ ∼= Im(Hp+q(Cp)→ Hp+q(G;A))/Im(Hp+q(Cp+1)→ Hp+q(G;A)).
Sketch of proof. Suppose c ∈ Cp+q(G;A).
Let σ be a (p, q)-shuffle, that is, σ is a permutation of (1, . . . , p + q) such
that σ(1) < · · ·σ(p) and σ(p+ 1) < · · · < σ(p+ q). We define cσ ∈ Cp+q(G;A)
by
cσ(α1, . . . , αq, β1, . . . , βp) = c(g1, . . . , gp+q),
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where
gσ(i) =
{
βi if 1 ≤ i ≤ p,
β−1σ(i)+p−i · · ·β−11 αi−pβ1 · · ·βσ(i)+p−i, if p+ 1 ≤ i ≤ p+ q
and
cp =
∑
σ
sgn(σ)cσ.
Finally, we define a homomorphism ϕ : Cp+q(G;A) → Cp(G/N ;Cq(N ;A))
such that
ϕ(c)(β1, . . . , βp)(α1, . . . , αq) = cp(α1, . . . .αq, β1, . . . , βp)
for β1, . . . , βp ∈ G/N and α1, . . . , αq ∈ N . This homomorphism ϕ induces
isomorphisms Ep,q1 → Cp(G/N ;Hq(N ;A)) and Ep,q2 → Hp(G/N ;Hq(N ;A)).
Denote by AN the subgroup of A consisting of all of G-invariant elements.
It is easy to check that H0(N ;A) is isomorphic to AN . For a group p-cocycle
c ∈ Cp(G/N ;AN ), we define a new cocycle c ∈ Cp(G/N ;A) by composing with
natural projections G→ G/N and a natural inclusion AN ↪→ A;
c : Gp → (G/N)p c−→ AN ↪→ A.
This correspondence define a homomorphism inf : Hp(G/N ;AN ) → Hp(G;A),
which is called the inflation homomorphism.
On the other hand, an inclusion map N ↪→ G induces a homomorphism
res : Hq(G;A) → Hq(N ;A). It is easy to check that res factors through
the G-invariant part of Hq(N,A). This homomorphism res : Hq(G;A) →
H0(G/N ;Hq(N ;A)) is called the restriction homomorphism.
Proposition 5.3 (Hochschild-Serre [2]). Let 1 → N → G → G/N → 1 be a
group extension and A be a G-module. Then there exists a group exact sequence
0→ H1(G/A;AN ) inf−−→ H1(G;A) res−−→H0(G/N ;H1(N ;A))
d2−→ H2(G/N ;AN ) inf−−→ H2(G;A).
This exact sequence is called the five-term exact sequence or the inflation-
restriction exact sequence for a group extension 1→ N → G→ G/N → 1.
In general, given the spectral sequence converging to some cohomology group,
it is well known that there is an exact sequence called the five-term exact se-
quence.
Suppose that N acts on A trivially. According to Hochschild-Serre [2], the
transgression map on the LHS spectral sequence is given by a cup product.
We define a cup product ∪ : Hom(N,A)×N/N ′ → A by f ∪ n = f(n) ∈ A.
This cup product induces a cup product ∪ : Hom(N,A)G×H2(G/N ;N/N ′)→
H2(G/N ;A), where Hom(N,A)G denotes a group of G-invariant homomor-
phisms on N to A.
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Theorem 5.4 (Hochschild-Serre [2]). Let G be a group, N be a normal sub-
group and A be a G-module which N acts on trivially. Set N ′ be the commu-
tator subgroup of N . For f ∈ H1(N ;A)G, the transgression image of f can
be written by d2f = −f ∪ e(G/N ′) ∈ H2(G/N ;A) explicitly, where e(G/N ′) ∈
H2(G/N ;N/N ′) is the extension class of the group extension 0 → N/N ′ →
G/N ′ → G/N → 1.
In the term of the LHS spectral sequence, a connection cochain τ : G → A
over a G-invariant homomorphism f : N → A is a representation cocycle of the
class of E1,02 which corresponds to f ∈ Hom(N,A)G = H0(G/N ;H1(N ;A)).
Thus δτ represents d2f in E
0,2
2
∼= H2(G/N ;A). By definition, the cup product
f ∪ e(G/N ′) coincides with the push-forward of e(G/N ′) by f , so that, f ∪
e(G/N ′) = e(GA). Summarizing the above, we conclude the follow:
e(GA) = f ∪ e(G/N ′) = −d2f = [−δτ ].
This is an another proof of theorem 4.2.
Corollary 5.5. Let D be a closed unit disk in R2 with a standard symplectic
form ω and G = Symp(D,ω) denote the group of symplectomorphisms on D.
We set Grel = {g ∈ G | g|∂D = id} and G∂ = Diff+(∂D). There are a group
extension 1 → Grel → G → G∂ → 1 and the Calabi invariant Cal : Grel → R.
Let H be the universal covering group of G∂ thus there is a central extension
0→ Z→ H → G∂ → 1.
Then we obtain pi2e(HR) = −d2Cal.
In other words, in the five-term exact sequence for 1→ Grel → G→ G∂ →
1, Cal is in H1(Grel;R) and pi
2e(HR) is an image of Cal in H2(G∂ ;R):
0→ H1(G∂ ;R) inf−−→ H1(G;R) res−−→Hom(Grel,R)G
d2−→ H2(G∂ ;R) inf−−→ H2(G;R).
References
[1] K.S. Brown. Cohomology of Groups. Graduate Texts in Mathematics.
Springer, 1982.
[2] G. Hochschild and J-P. Serre. Cohomology of group extensions. In Trans-
actions of the American Mathematical Society, volume 74, pages 110–134.
Amer. Math. Soc., 1953.
[3] D. McDuff and D. Salamon. Introduction to symplectic topology. Clarendon
Press, 1998.
[4] H. Moriyoshi. The Calabi invariant and central extensions of diffeomorphism
groups, volume 154 of Springer Proceedings in Mathematics & Statistics,
pages 283–297. Springer Japan, 2016.
12
[5] T. Tsuboi. The calabi invariant and the euler class. Trans. Amer. Math.
Soc., 352(2):515–524, 2000.
13
